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The previously derived nonlinear constitutive laws for the friction pressure and the alignment 
tensor are applied to viscous flow, to the flow-induced alignment (flow birefringence) and its re-
ciprocal effect. It is demonstrated that these phenomena may be treated by one set of equations, 
both in the isotropic and in the nematic phases. The flow alignment in the isotropic phase is also 
investigated in the temperature range where this phase is metastable. 

The preferential orientation of molecules induced 
by transport processes and the relaxation of the 
orientation are irreversible processes typical for 
molecular fluids. A phenomenological theory of such 
nonequilibrium alignment phenomena which is ap-
plicable to molecular liquids and to nematic liquid 
crystals has been presented in Ref. 1. In particular, 
constitutive laws have been derived for the friction 
pressure tensor and for the tensor which specifies 
the relaxation of the alignment and its production 
caused by the gradient of the flow velocity field. As 
a first application, the relaxation of the alignment 
was treated. Due to the nonlinearity of the relax-
ation equation, the order parameter of an unaxial 
alignment decays to zero and to a nonzero value for 
temperatures T above and below TK, respectively. 
Here TK is the temperature at which the transition 
from the isotropic to the nematic phase occurs. For 
T < T K , the relaxation of the deviation of the align-
ment tensor from its equilibrium value turned out 
to be anisotropic. In the present paper, further ap-
plications of the constitutive laws are studied, viz. 
flow alignment (flow birefringence) and its recip-
rocal phenomenon as well as viscous flow. The con-
stitutive laws obtained by de Gennes 2 ' 3 for T>TK 
(isotropic phase) and essentially those proposed4 

(see also Ref.3) for T ( n e m a t i c phase) are 
recovered as special cases. This demonstrates that 
one set of constitutive laws which are nonlinear 
with respect to the alignment describes the non-
equilibrium alignment phenomena both in the iso-
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tropic and in the nematic phases (including the 
metastable isotropic phase). 

This paper is devided into 6 sections. Firstly, in 
Sect. 1, the fundamental equations obtained in Ref.1 

are reviewed. These are the relaxation equation for 
the alignment and the nonlinear constitutive laws 
for the alignment tensor and the friction pressure 
tensor. In Sects. 2 and 3, these constitutive laws are 
applied to ordinary liquids and to the isotropic 
phase of liquid crystals. In particular, flow align-
ment and acoustic alignment as well as the ensuing 
birefringence are discussed (Section 2) . Then vis-
cous flow is treated. Special attention is paid to the 
phenomenon reciprocal to the flow alignment, viz. 
an anisotropic part of the pressure tensor caused by 
a preferential orientation (nonequilibrium align-
ment) of the molecules (Section 3). Sections 4 and 
5 deal with the viscous flow and with the flow align-
ment in the nematic phase of a liquid crystal. The 
physical meaning of the various viscosity coeffi-
cients is elucidated for the special case of a plane 
Couette flow. Furthermore, it is pointed out that the 
friction pressure tensor of a nematic liquid crystal 
possesses "transverse" components which gives rise 
to a pressure gradient perpendicular to both the 
flow velocity and its gradient (Section 4) . The flow-
induced deviations of the alignment tensor from its 
equilibrium value is treated in Section 5. Section 6, 
finally, is devoted to a discussion of the flow align-
ment in the metastable isotropic phase (T* <7 , <7 , K > 
T* specifies the limit of existence of the metastable 
phase). For small velocity gradients, and for tem-
peratures T above the critical temperature T* the 
alignment tensor can be expanded in powers of the 
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velocity gradient. This expansion diverges for 
T—^T*. On the other hand, at the temperatur T*, 
an alignment proportional to the square root of the 
velocity gradient is found. A stability analysis, how-
ever, reveals that this nonanalytic expression for the 
alignment does not correspond to a stable situation. 
For T > T*, in the isotropic phase, no stable 
solution exists for the flow alignment if the magni-
tude of the velocity gradient exceeds a certain 
critical value which is proportional to (T — T*)2 . 

§ 1. Balance Equation for the Alignment 
Tensor, Entropy Production, Constitutive Laws 

Before further applications of the constitutive 
laws derived in Ref.1 are discussed, the notations 
used in Ref.1 and some results stated there have to 
be reviewed. 

The alignment of molecules is characterized by 
the symmetric traceless tensor aßV. Greek subscripts 
refer to Cartesian components. If the spatial in-
homogeneity of the alignment can be disregarded, 
it obeys the balance equation 

3 
al/lv — a>x(e/ixxaxv + sv^a)</J) = AßV, (1.1) 

where is the Levi-Civita tensor. The 2nd term 
of Eq. (1.1) describes the change of the alignment 
tensor due to the rotation of the molecular axes 
about the average angular velocity 

co = | rot V. (1.2) 

Here V is the flow velocity. The tensor AßV specifies 
the relaxation and the production of the alignment. 
It is related to the alignment and to the gradient of 
the flow velocity by a constitutive law. 

The specific entropy production due to irrevers-
ible processes associated with tensors of rank 2, as 
derived in Ref. is 

( 7 7 ) = - — C ^ ^ + ^ k - 1 • (i.3) \ d t /irrev. m 

Here is the Boltzmann constant, m is the mass 
of a molecule; Pk is an abbreviation for 

Pk = m~1QhT, (1.4) 

where Q and T are the mass density and the tem-
perature of the fluid. The friction pressure tensor is 
denoted by pßV. The symbol 77". refers to the sym-
metric traceless part of a tensor, e. g. one has 

Pßv = 2 (PMV + pvli) — J pPQ <3mv . 

The tensor is related to the alignment tensor by 

2ßV — A auv - V6 B aßx aXv + aßV axx aXx 

i 1 
+ Go aXx J ( 1 . 5 ) 

with 
A = A0(l-T*/T) (1.6) 

where T* is a characteristic temperature. The 
temperature dependence of the coefficients A0, B, 
Cj , C2 is assumed to be rather weak such that it can 
be disregarded for temperatures T close to TK . In 
ordinary molecular liquids which to not possess a 
nematic phase, T* is so small that A can be ap-
proximated by A0. 

The constitutive laws associated with Eq. (1.3) 
can be written as 1 

— PßV = 2 P]j Tp V^ V v + Pk Tpa AMy , ( 1 . 7 ) 

V 2 T a p V„ t> , + Ta AMr. ( 1 . 8 ) 

Here the r . . . are relaxation times with the proper-
ties 

Tap = Tpa (1*9) 

and 
T p > 0 , T a > 0 , T a T p > T a p 2 . ( 1 - 1 0 ) 

Notice that Tap may either be positive or negative. 
A slightly more general ansatz for which is of 
importance for the nematic phase is 

-pßV = 2 P k r p (V„ Vy+VftOi aßV vv 
i 1 

"̂ ap Aßv J ( 1 . 1 1 ) 

where o l t o2 are two additional phenomenological 
coefficients. 

In Ref.1, the consequences of Eq. (1.8) for the 
relaxation of the alignment have been studied for 
V = 0. Here, the application of Eqs. (1.7, 8, 11) to 
flow alignment, its reciprocal phenomenon and vis-
cous flow shall be discussed. Isotropic liquids are 
considered first. 

§ 2. Flow Alignment and Acoustic Alignment 
in Isotropic Liquids 

a) General Remarks 

A velocity gradient caused either by a viscous 
flow or by a sound wave in an isotropic molecular 
fluid leads to an alignment. If this alignment is de-
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tected optically via the ensuing birefringence one 
talks about flow birefringence 5 - 7 and acoustic bire-
fringence 8' 9. 

Point of departure for the theoretical treatment 
of these phenomena are Eqs. (1.1) and (1.8). For 
isotropic liquids 2 ß V as given by Eq. (1.5) can be 
approximated by the linear expression A aßV. In-
sertion of (1.8) into (1.1) then yields 

/ 3 1 

+ r - * a M V = - l / 2 T a p T a - 1 V ^ z ; v . ( 2 . 1 ) 

The relaxation time r is given by 

t = r&A~1 = rlLA0~1(l — T*jT)~x. (2.2) 

Notice that r increases dramatically as T ap-
proaches T*. This is indeed observed in liquid 
crystals for T . For r < r K where r as 
given by Eq. (2.2) would become singular and even 
change sign, Eqs. (2.1) and (2.2) are no longer 
valid. For T < 7 K the full nonlinear expression (1.5) 
for 2 l t v has to be taken into account; cf. Section 6. 

b) Flow Alignment 

For a steady shear flow (V^ vv time-independent) 
the time derivative in Eq. (2.1) can be disregarded. 
Then 

aMV= -V? A'1 T a pV^7v (2.3) 

is obtained provided that terms nonlinear in the 
velocity gradient which stem from co = | rot V are 
disregarded. 

The connection between the anisotropic (sym-
metric traceless) part of the dielectric tensor eMV 

and the alignment tensor can be written as 
r—i 
£nv ~ ^a anv ( 2 . 4 ) 

where £a is a proportionality coefficient. Thus Eq. 
(2.3) implies the constitutive law 

— 2 ß V ~ v v (2.5) 

for the flow birefringence where the coefficient ß is 
given by 

ß ^ e ^ V Z A ) - 1 r a p . ( 2 . 6 ) 

Equations (2.5), (2.6) are equivalent to the expres-
sion derived by de Gennes 2 for flow birefringence 
in the isotropic phase of liquid crystals. With A = 1, 
Eqs. (2.5), (2.6) are formally equal to the corre-
sponding expression for molecular gases 1 0 '1 1 which 
have been derived within the framework of the 

kinetic theory based on the Waldmann-Snider equa-
tion 12. 

Next, some remarks on the consequences of the 
term of Eq. (2.1) which involves co = §rotV are 
in order. Formally, Eq. (2.1) is equivalent to the 
inhomogeneous relaxation equation for the tensor 
polarization discussed in Ref.13 where the influence 
of a magnetic field on the flow birefringence of 
molecular gas was considered. In Ref .1 3 , co was the 
frequency for the precession of the rotational an-
gular momentum of a molecule about an applied 
magnetic field. The result obtained there can easily 
be adapted to the present situation. To be more 
specific, flow in ^-direction between flat plates par-
allel to the a>z-plane is considered. Then one has 

Vv = r ex ey and co= - ez with 
r = dvx/dy . (2.7) 

Here ex'y°z are unit vectors parallel to the axes of 
the coordinate system. In this case, one of the prin-
ciple axes of the dielectric tensor is parallel to Gz, 
the others are in the :r-?/-plane and make the angles 

$ = C T /4 — | arc tg 71 r (2.8) 

and # + n/2 with the a;-axis. Notice that Eqs. (2.5), 
(2.6) imply # = 7t/4. Unit vectors parallel to the 
principal axes are denoted by (e^1) • ex = cos'&), 
e ® and e ® = e z . Let Vi be the index of refraction 
for linearly polarized light with its electric field 
vector parallel to G®. Then the difference Sv = 
v2 ~~~ v i given by 

rdv=[l+r2T2]~,/'ßr, (2.9) 

where v is the index of refraction for T = 0. 
Clearly, Eqs. (2.8), (2.9) indicate that Eqs. (2.5), 
(2.6) are a good approximation for the description 
of flow birefringence provided that Tx 1. In or-
dinary liquids one has typically T < 1 0 _ 1 ° S . In the 
isotropic phase of liquid crystals relaxation times 
r < 10~6s have been measured14 '15 for tempera-
tures T close to TK . In both cases, however, the con-
dition -Tr ^ 1 is well satisfied even for T ^ 103 s_1 . 
This is in contradistinction to macromolecular and 
colloidal suspensions 6. 

c) Acoustic Alignment 

Next, the alignment induced by a standing sound 
wave with frequency Q, wave vector h and ampli-
tude i>0 is considered. For 

V = v0 A;-1 fc cos k'X cos Q t (2.10) 
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one has 
i—i i—i 
v r = -v0 k ks'm k x cos Q t, co = | rotv = 0 . 

(2.11) 

Solution of Eq. (2.1) with (2.11) yields, for times 
t large compared with the relaxation time T 

aßV = rap A v0 k~x kß kv sin k x 
• (1 + Q2 T2)-1'* cos (Qt + p) . (2 .12) 

The phase shift rp is given by tg cp = — Q x For 
small frequencies with Or 1, Eq. (2.12) reduces 
to the expression which is obtained by inserting 
(2.10) into Equation (2.3). 

The acoustic birefringence is associated with the 
difference dv = v\\ — v± of the indices of refraction 
of linearly polarized light with the electric field 
vector parallel and perpendicular to k. Use of Eqs. 
(2.4) leads to 

v (v|| — v±) = ß VQ k sin k• X 
• (1 + Q2 x2) cos(ü t + (p) . 

where ß is the flow birefringence coefficient (2.6). 

§ 3. Viscous flow in Isotropic Liquids, 
the Effect Reciprocal to flow Alignment 

a) Viscosity 

For a steady state situation (time independent 
alignment) and if terms associated with co = | rot V 
can be disregarded, Eq. (1.1) implies AßV = 0. Then 
the constitutive law (1.7) yields 

pßV = - 2 rj vv ( 3 . 1 ) 

where the viscosity y] is given by 

7]=P k Tp. (3.2) 

Under the same experimental conditions the align-
ment tensor aßV is nonzero, cf. Equation (2.3). Ac-
cording to Eqs. (1.7), (1.8) the viscosity rj-lso cor-
responding to a situation where aßV and conse-
quently 2 / I V vanishes, is given by 

* ? i s o = > ? ( ! - T a p 2 / T P T a ) < * ] • ( 3 . 3 ) 

Notice that rj is different from r]-lS0 whenever rap 

which characterizes the coupling between the fric-
tion pressure tensor and the alignment is nonzero. 
Incidentaly, this difference is also of crucial im-
portance for the influence of a magnetic field on the 
viscosity of molecular gases16 (Senftleben-Beenak-

ker effect). There, application of a magnetic field 
and the resulting precessional motion of the rota-
tional angular momentum leads to a partial destruc-
tion of the alignment such that the viscosity ap-
proaches its isotropic value rj-1S0 . 

b) The Effect Reciprocal to flow Alignment 

Next, it is noticed that Eqs. (1.7) , (1,8) lead to 
a nonzero friction pressure tensor pßV even for 
V^vv = 0. In particular, one finds (cf. 1.1) 

Ptl= — V^Pfctpa (da^/dt) . (3 .4 ) 

This equation describes the effect reciprocal to the 
flow alignment (2.3). If the system was prepared 
such the alignment is equal to aßV(0) at time t = 0, 
the alignment for i > 0 is given by aßV(t) = 
e~ tlT aßV(0). Then Eq. (3.4) yields 

^ = 1/2 Pk rpa T - i aßV (0) . (3.5) 

For the relaxation time x see Equation (2.2). 
Clearly, Eq. (3.5) describes a transient phenome-

non ; pßV vanishes for t x. Measurements of the 
effect reciprocal to the flow alignment and com-
parison with flow birefringence data could provide 
an experimental test of the Onsager relation (1.9). 

For molecular gases, a relation corresponding to 
(3.4) has been derived 17 recently within the frame-
work of the kinetic theory based on the Waldmann-
Snider equation 12. 

§ 4. Viscous flow of a Nematic Liquid Crystal 

a) Alignment in the Nematic Phase 

In thermal equilibrium, the alignment of a liquid 
crystal in the nematic phase is of unaxial type. The 
unit vector parallel to the symmetry axis of the 
alignment tensor, often referred to as director, is 
denoted by H. In general, the alignment tensor in 
the nematic phase can be written as 

üßv — i afiv , (4 .1) 

where 

a£q) = V I a e q ^ „ (4.2) 

is the equilibrium alignment tensor and äßV specifies 
the deviation of aßV from its equilibrium value. 
In (4.2), aeq is the scalar order parameter for the 
unaxial alignment in thermal equilibrium. It can be 
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expressed in terms of the coefficients A, B, and 
C = C1 + gC 2 which occurred in Eq. (1 .5) ; cf. 
Ref.1. The factor j/f has been inserted such that 
4vq) 4e„q) = afq. With the help of relations (4.1), 
(4.3), Eq. (1.1) can be rewritten as 

3 5 
AßV= V\> aeq 2 nßNv + ~ (e/Ax <*xv + €vJlx aXß) 

with 

(4.3) 

(4.4) N = dn/dt-coxn. 

Note that aeq is time independent. 

b) Friction Pressure Tensor, Viscosity 

If the terms containing äßV are disregarded, in-
sertion of (4.3) into (1.11) yields 

pßV = - 2 rjßV< ß'v> V / vv' — 2 Y] nß Nv. (4 .5 ) 

The viscosity tensor rjßV> ß\' is given by 

Vnv.n'v' — V + 3 aeq ot AßVjy n; nv 

I 3 2 \ 
+ 2 Oeq °2 n n nv n ß n v ) (4.6) 

with y] = P^t v . Here AßVtß'y' is the 4-th rank iso-
tropic tensor 

^Mv.fiV = 2 (dßß' dvv' -f ößV' öVß') — ^ ößV dß 'v ' . (4.7) 

The first term in Eq. (4.5) can be written as 18 

m = - 2 
(4.8) 

If the Leslie coefficients 04, . . . , a6 are used, the 
most general ansatz for the symmetric traceless part 
of the friction pressure tensor of an incompressible 
nematic liquid crystal is 3 

where Vßvv^m\ m = 0, ± l , + 2 are the spherical 
components of vv with tl parallel to the reference 
axis. Due to (4.6), the viscosity coefficients t]m are 

= = *?(! + 1 «eq^i) , (4.9) 

Notice that the simpler ansatz (1.7) implies = 
Vi==rl2=V- The viscosity tensor (4.6) has the same 
symmetry properties as the viscosity of a fluid in 
the presence of an electric field parallel to tl. 

The last term of Eq. (4.5) is typical for nematic 
liquid crystals. The "rotational viscosity" rj is given 
by 

~V = V3ae(lPk r p a . (4.10) 

Here the relaxation time rpa occurs which is as-
sociated with the effect reciprocal to the flow align-
ment, cf. Equation (3.4). 

- P^v = ai nß nv nx nx vx + (a 2 + a 3 ) nß Nv 
i t 1 1 

+ a4 {a5 + a6)nßnxVxvv. (4.11) 

Comparison of (4.5), (4.6) with (4.11) shows that 
the coefficients used in this paper are related to the 
Leslie coefficients by 

= 3 rj afq o2 , a2 + a3 = 2 , (4.12) 
«4 = 2 V (1 - «eq 0i) , a5 + a6 = 6 r] aeq o± ; 

Vo — I « 4 + 3 ( a i + a 5 + a e ) » 

?7i = '7-i = i a 4 + 4 (a5 + a6) , (4.13) 
V-2 = V-2 = 2^1 • 

For MBBA, ax and a5 + aG are about one order 
of magnitude smaller than a4 and 2 rj, cf. Ref. 3, 
p. 184. Thus, for some applications, the simpler 
ansatz (1.7) corresponding to o1 = a2 = 0 (which 
implies that the shear viscosity is isotropic) may be 
a reasonable first approximation to Equation (1.11). 

c) Consequences of Eq. (4.5) for Plane 
Couette Flow 

To appreciate the consequences of Eq. (4.5), a 
flow in ^-direction between flat plates parallel to the 
rr-p-plane is considered (cf. Section 2b). As in the 
viscosity measurements performed by Miesowicz 19 

the direction of It is assumed to be fixed by an 
applied magnetic field. 

For this case, one has 

1 1 d v x , CO = I rot V = - \ - g ^ - e z 

and 
IV = 2 ezxndvx/dy . 

Now Eq. (4.5) leads to 

Pxy= -Veil 3v*/3y, (4.14) 

with effective viscosity 

Veit = V [ 1 + f °eq ("x* ~ "y* ~ I ) + 3 ofq 02 nx2 ny2] 
+ r j h { n x 2 - n 1 2 ) . (4.15) 

Here nx, ny are the x- and ^/-components of the 
unit vector tl. For tl parallel to the z-axis ?yeff = 
rj(l — fleq ö i ) = fjo is found. If tl is in the a:-y-plane 
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and makes an angle cp with the rr-axis, (4.15) re-
duces to 

Vett — V ( 1 + 2 «eq °1 +1 alq o2 sin2 2cp) + rj cos 2 cp . 
(4.16) 

It seems worth to point out that the friction pres-
sure tensor as given by (4.5) contains "transverse" 
components. In particular, for the special flow field 
considered above, one finds 

Pyz = - [ (I v Oeq + hv)nx nz 

+ Srj alq o2 nx ny2 nz] dvx/dy . (4.17) 

Due to Vß P + Vv pVß = 0 where P is the hydrostatic 
pressure, such a term gives rise to a transverse com-
ponent dP/dz = — dpyZ/dy of the pressure gradient. 

Measurements of transverse pressure gradients 
have been performed for molecular gases in mag-
netic fields16,20 (Senftleben-Beenakker effect). An 
adaption of these techniques to the study of the 
flow properties of liquid crystals seems to be worth-
while. 

§ 5. Flow Alignment in Nematic Liquid Crystals 

a) Constitutive Law for the Molecular Field, 
Flow Alignment Angle 

In addition to Eq. (4.11), Leslie3, 4 stated a con-
stitutive law for the "molecular field" hß which re-
lated to 2ßV by 

hß = -2 Vi aeq Pk 2ßV nv. (5.1) 

This relation can be inferred from the fact that the 
entropy production (1.3) reduces to the Leslie form 

Q m T(ds/dt) irrev = hßNß~ pßV Vßvv, (5.2) 

with h given by (5.1) if AßV is approximated by 

V? «eq 2 N~nv [cf. Eq. (4.3)] . 
In the same approximation, multiplication of 

Eq. (1.8) by —2 l /|a e q P k n v leads to 
i 1 

K = 7i Nß + y2 vv nv (5.3) 

(note that 2 Nß nv nv = Nß). The coefficients y l j2 are 
given by 

7i = 3a|qPkra, y2 = 2 j/3 aeq Pk *aP • (5-4) 
The Onsager relation (1.9) implies 

72 = 2 (5.5) 

Notice that y2 and rj may either be positive or nega-
tive. For MBBA, e. g. y2 < 0 is found experimentally 
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(cf. Ref. 3, p. 184). In general, y2 as given by (5.4) 
may be expected to contain an addition term pro-
portional to öeq • Such a term is obtained if the iso-
tropic relaxation time rap occurring in Eq. (1.8) is 
replaced by an anisotropic one similar to the re-
placement of Tp in Eq. (1.7) by the more general 
expression in Equation (1.11). Then the depen-
dence of yt, y2 on the order parameter aeq corre-
sponds to that one proposed by Helfrich 21. 

For a stationary viscous flow between flat plates 
as discussed in Sect. 4 c, the director stabilizes in 
the 2-?/-plane. The "flow alignment angle" cp be-
tween Tl and the flow direction (parallel to the 
x-axis) is determined by 3' 4 

cos 2 Cp= -yjy2. (5.6) 

Of course, this applies only to the cases where 
71/I72I ^ 1- For measurements of the angle cp see 
Ref. 22. According to (5.4), cp approaches n/4 for 
aeq —> 0. An increase of cp with increasing tempera-
ture, i. e. with decreasing aeq is found experimen-
tally 22. 

b) Alignment Tensor 

In the presence of a viscous flow, the alignment 
tensor aßV of a nematic liquid crystal is determined 
by the full constitutive law (1.8). Insertion of (4.3) 
in (1.8) yields 

däßV/dt - £ox (sßXx c*r + äHß) + Ta_1 2ßV 

= — 2 ] /| aeq N~nv — r a - 1 rap V~yv . (5.7) 

The quantity äßV, defined by Eq. (4.1), is recalled 
as the deviation of afiV from its equilibrium value 
affl. For N see (4.4). Notice that 2ßV vanishes 
for äßV = 0. For small äßV, the relaxation term 
T a ~ 1 2 ßV on the left hand side of Eq. (5.7) is equal 

2 
to 2 Tm1 äffi. The superscript ' W with m = 0, 

m= -2 
1, + 2 denotes spherical components of a tensor. 
The reference axis is parallel to Tl. Expressions for 
the relaxation times r 0 , t1 = t _ 1 , r2 = r_2 have 
been given in Ref.1 . 

For a stationary situation and if terms involving 
co are disregarded on the left hand side of (5.7), 
this equation leads to 

2 , 
äßy = - 2 rm Ta_ 1 Tap V^ VyW 

m= - 2 

- 2 (5.8) 
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Here, use has been made of Nß nv = N ß nv W 
+ Nßn y (~ l\ The spherical components of (5.8) 
with m = 0, ± 1 are equivalent to the Leslie relation 
(5.3). The case m = ± 2 , however, is not contained 
in Equation (5.3). It seems instructive to mention 
one physical situation where the m = ± 2 compo-
nents of Eq. (5.8) are of crucial importance. 

Consider a flow in ar-direction between flat plates 
which are parallel to the x-z-plane. The director is 
assumed to be fixed externally as in the Miesowicz 
flow experiments. Now, for Tl parallel to the z-direc-
tion, the only nonvanishing spherical components 
of äffi are those with m = + 2. In this case, Eq. 
(5.8) reduces to 

i 1 
- V2(r2fr^)t^(dvx/dy) e / e / (5.9) 

where 2X (ey) is a unit vector parallel to the x-(ij)-
axis. 

As a consequence of Eq. (5.9), the flow bire-
fringence observable for light propagating parallel 
to the z-direction is similar to the flow birefringence 
which results from Eq. (2.3). The main difference 
is that the factor 

r2/ra = (A + 2 B aeq + C a f q ) = (3 B a e q ) ( 5 . 1 0 ) 

occurs instead of A"1. 

§ 7. Flow Alignment in the Metastable 
Isotropic Phase Near T* 

a) General Remarks, Power Series Expansion 
for the Flow Alignment 

In Sect. 2, the linearized version of Eq. (1.8) has 
been employed in order to treat the flow alignment 
in the isotropic phase. For temperatures T close to 
the transition temperature TR and, in particular, in 
the metastable isotropic phase ( T * < ^ T < T x ) , the 
nonlinearity of the constitutive law (1.8) is of 
crucial importance. Some of the consequences linked 
with the nonlinearity are studied now. 

Firstly, it is noticed that B occurring in Eq. (1.5) 
can be written as Ca* where a* = B/C is the scalar 
order parameter of the unaxial alignment in the 
nematic phase at the temperature T*. Since we are 
concerned with the flow alignment in the isotropic 
phase, aßV aßV < a*2 can be expected. Thus the terms 
involving Cx and C2 in Eq. (1.5) may be disre-
garded. If terms associated with the rotational mo-
tion of the molecular axes are also disregarded (for 
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a discussion of this point see Sect. 2 b) , Eq. (1.8) 
reduces to 

ra 3 aßV/dt + AaßV-]/6B aßX aXv 

= - l ^ t a p V ^ 7 v . ( 6 . 1 ) 

The steady state solution of the linearized version 
of Eq. (6.1) is given by (2.3), viz. 

aßV = t$ = - 1 r a p vv. 
The next higher order terms of a power series ex-
pansion in Vßvv can be inferred from (6.1) with 
daßJdt = 0. In particular, up to terms of third 
order in Vß vv one finds 

aßV = aff +V6A-1Ba$ai) 

i — \ 
+12 A~2B aft aftailK (6.2) 

Notice that the various terms in (6.2) are propor-
tional to A~xr, A"3 T2, A~5 r3, respectively, 
where -T is the magnitude of the velocity gradient, 
cf. Equation (2.7). The n-th order terms is propor-
tional to A~^n~v> r n . Clearly, such an expansion 
of aßV diverges for T—>T*, cf. Equation (1.6). 

To simplify the further discussion of Eq. (6.1), 
again the special case of a plane Couette flow is 
considered. 

b) Flow Alignment for a Couette Flow 

In the case of a flow velocity parallel to the x-z-

plane one has Vßvv = T eßx evy with T = dvx/dy. 
For the alignment tensor the ansatz 

(6.3) 

is made. The dependence of the scalar order pa-
rameters a and a on T has to be determined by 
Equation (6.1). 

With (6.3), the expression aßXaXv occurring in 
(6.1) becomes 

- | V3 a a eßx e» + \ (a2 - a2) e/ evz 

Inserting (6.3) into (6.1) and equating the coeffi-
i 1 i i 

cients of eß evy and of eß evz, one obtains 
ra da/dt + A a + 2 Ba a= — rap 71, (6.4) 

ra da/dt + Aa — Ba2 + Ba2 = 0. (6.5) 

In terms of the variables 
x = 2A~1Ba, y = 2 A~x B a , £ = - 2 A^Br^T, 

(6.6) 
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Eqs. (6.4) , (6.5) can be written as 

T ~ d i + = ^ (6.7) 

xlft +y-zy2 + hx2 = 0 . (6.8) 

where r = A~1za. 
Firstly, these equations are discussed for a steady 

state situation. In this case, the solution of (6.8) 
for y which vanishes for x—>0 (and consequently 
for 0) is 

?/ = 1 - V l + x
2

. (6.9) 

Insertion of this expression into Eq. (6.7) yields, 
for dxjdt = 0, 

<p(x) = x( 2-Vl+x2) = £ . (6.10) 

In Fig. 1, the curve <p is plotted. The ar-values 
( i = l , 2, 3) of its intersections with the horizontal 
line <p=£ are the solutions of Eq. (6 .10) . For 

£<to= ] / i 1 / 1 + 4 V 5 ) < 0 . 6 (6.11) 
3 real solutions of (6.10) exist. The solution which 
becomes equivalent to (6.2) for £ ^ £0 is xx, the 
smallest positive value of the Xi. Up to third order 
in £ one has 

« i - f a + i f ) , 2 / i = - h i 2 - ( 6 . 1 2 ) 

Fig. 1. The quantity qp defined by Eq. (6.10) as function of 
x~a. The intersections with the horizontal line 
determine the stationary values of the order parameter a in 

the presence of a velocity gradient Z\ 

The inequality (6.11) poses an upper limit on 
the magnitude of velocity gradient for which the 
special steady state solution of Eq. (6.1) can exist 
which reduces to (6.2) for small -T. This upper 

limit is determined by 

A2 

2B k, 
(6.13) 

Notice that [T — T*)2, i .e. -T0 decreases rath-
er rapidly if T approaches T*. 

For £ > f 0 corresponding to r > T 0 , Eq. (6.10) 
possesses just the one real solution which has the 
property ar3<0. As can be inferred from Fig. 1, for 

>oo, x3 approaches the value of x determined by 
— x yx2 = This asymptotic solution is equivalent 
to 

a = aoc = sgn(rap f ) f lap 
2 B 

(6.14) 

a result which could have been inferred from the 
steady state version of Eqs. (6.4), (6.5) with A = 0. 

Next, the stability of the stationary solutions of 
Eqs. (6.7), (6.8) is investigated. To this purpose, 
x and y are written as Xi + X and yi + y where 
Xi, yi are the stationary solutions of (6.7) , (6.8) 
and x, y are small deviations. Then Eqs. (6.7) , 
(6.8) lead to 

tdxßt + ( 1 +yi)x +Xiy = 0 , 
rdy/dt +xix+ (1 — 2/i) 2/ = 0 , (6.15) 

where terms nonlinear in x, y have been omitted. It 
follows from (6.15) that the x, y decay to zero 
provided that the inequality 

l-yi2-x?>0 (6 .16) 

is fulfilled. With (6.9), (6.16) implies x t 2 <x 0 2 

= | 1/3- This inequality is equivalent to the con-
dition (6.11) specifying the upper limit of the 
velocity gradient for which the solutions x1 exists. 
According to (6.16), the solutions x2 and are 
unstable. This also applies to the asymptotic solution 
given by (6.14). 

Finally, however, a word of caution is in order. 
It must be emphasized that terms of higher than 
2nd order in a and a have been disregarded in 
Equations (6.4), (6.5). Higher order terms will 
certainly affect the results (6.11), (6.13), (6.14), 
and (6.16). The question whether the dramatic 
behavior of the alignment for a large velocity gra-
dients is indicative of a (kind of a nonequilibrium) 
phase transition cannot be settled by the present 
approach based on Eqs. (6.1), (6.4) , (6.5). 
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Concluding Remarks 

In this paper, it his been demonstrated that the 
nonlinear constitutive laws derived in Ref. 1 can be 
used for the theoretical description of viscous flow, 
of flow alignment and its reciprocal phenomenon 
both in the isotropic and nematic phases of liquid 
crystals. This is also true for the metastable phases 
where critical behavior can be expected. Flow align-
ment in the metastable isotropic phase has been 
discussed in Section 6. For the treatment of non-
equilibrium phenomena in the metastable nematic 
phase, the coupling between the heat flux and the 
alignment is of importance (cf. Ref. 23) which has 
not been considered here. 

Finally, it should be emphasized that the con-
stitutive laws derived in Ref.1 and used in this 
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